Abstract. We prove the existence of a hyperbolic surface spread over the sphere for which the projection map has all its singular values on the extended real line, and such that the preimage of the extended real line under the projection map is homeomorphic to the square grid in the plane. This answers a question raised byÈ. B. Vinberg.
Introduction
According to the uniformization theorem, an open simply connected Riemann surface is conformally equivalent to either the complex plane C, or the open unit disc D = {z ∈ C : |z| < 1}. In the former case it is said to be parabolic, and in the latter it is called hyperbolic. We are interested in the application of the uniformization theorem to clasically defined surfaces spread over the sphere.
A surface spread over the sphere is a pair (X, ψ), where X is a topological surface and ψ : X → C a continuous, open and discrete map. Here C denotes the Riemann sphere. The map ψ is called a projection. Two such surfaces (X 1 , ψ 1 ), (X 2 , ψ 2 ) are equivalent , if there exists a homeomorphism φ : X 1 → X 2 , such that ψ 1 = ψ 2 • φ. According to a theorem of Stoïlow [4] , there exists a unique conformal structure on X such that ψ is a holomorphic map. We call this the pull-back structure on X. If X is simply connected, then as a Riemann surface with the pull-back structure it is conformally equivalent to either C or D. Equivalent surfaces have the same conformal type.
A continuous, open and discrete map ψ near each point z 0 is homeomorphically equivalent to a map z → z k . The number k = k(z 0 ) is called the local degree of ψ at z 0 . If k = 1, z 0 is called a critical point and ψ(z 0 ) a critical value. The set of critical points is a discrete subset of X. A point a ∈ C is called an asymptotic value of ψ, if there exists a curve γ : [0, t 0 ) → X such that γ(t) → ∞ and ψ(γ(t)) → a as t → t 0 .
A point a ∈ C is called a singular value of ψ if a is either a critical or an asymptotic value of ψ. E. B. Vinberg [5] introduced the interesting class V of surfaces spread over the sphere (X, ψ), such that all singular values of ψ are contained in R = R ∪ {∞}. For such mappings ψ, the components of the preimages of the upper and lower hemispheres are called (2-dimensional) cells. The boundary of a cell is a union of 1-
The first author was supported by the Alexander von Humboldt Foundation. The second author was supported by NSF grants DMS-0400636 and DMS-0244421. and 0-dimensional cells, the former called edges, and the latter vertices. Each vertex has an even number (which is greater than or equal to four) of edges emanating from it. The set ψ −1 (R), understood as an embedded graph N in X, determines the topological properties of ψ. Such an embedded graph N is called a net. Suppose that the edges of this graph are labeled by positive numbers such that the sum over the edges of each cell is 2π. If C is endowed with the spherical metric, we assume that ψ maps an edge labeled by α onto an arc of length α. Since the length of the real line in the spherical metric is 2π, this is possible. Equivalently, one can label the vertices of a net and ends of edges going to infinity by points of C, so that the order of labels correspond to the natural order on R.
It is an interesting question in which cases the conformal type of X is determined by the combinatorics of a net, independent of the labeling. G. MacLane [2] and Vinberg [5] considered the periodic net cos −1 (R). They showed that all labelings of this net with ends of edges going to infinity labeled by ∞ produce parabolic surfaces.
In his paper, Vinberg asked whether the conformal type is determined by combinatorics in the case of the square grid net. It is clear that if the labels on the vertices of every two adjacent square cells are symmetric with respect to their common edge, the resulting surface is parabolic, and the corresponding cellular map is a fractional linear transformation of some Weierstrass elliptic function. The main result of this paper is the following theorem, which answers the question of Vinberg.
Theorem 1.
There exists a hyperbolic surface of class V whose net is homeomorphic to the square grid.
From the point of view of the type problem, the class V is a generalization of a classically studied class S. A surface spread over the sphere (X, ψ) is said to belong to the class F (a 1 , . . . , a q ), if ψ restricted to the complement of ψ −1 {a 1 , . . . , a q } is a covering map onto its image C\{a 1 , . . . , a q }. One defines F q := a1,...,aq F (a 1 , . . . , a q ) and S := q F q .
Surfaces of class S have a combinatorial representation in terms of so-called labeled Speiser graphs. Assume that (X, ψ) ∈ F q and X is open. We fix a Jordan curve L, visiting the points a 1 , . . . , a q in cyclic order. The curve L is usually called a base curve. It decomposes the sphere into two simply connected regions H 1 , the region to the left of L, and H 2 , the region to the right of L. Let L i , i = 1, 2, . . . , q, be the arc of L from a i to a i+1 (with indices taken modulo q). Let us fix points p 1 in H 1 and p 2 in H 2 , and choose q Jordan arcs γ 1 , . . . , γ q in C, such that each arc γ i has p 1 and p 2 as its endpoints, and has a unique point of intersection with L, which is in L i . We take these arcs to be interiorwise disjoint, that is, γ i ∩ γ j = {p 1 , p 2 } when i = j. Let Γ ′ denote the graph embedded in C, whose vertices are p 1 , p 2 , and whose edges are γ i , i = 1, . . . , q, and let Γ = ψ −1 (Γ ′ ). We identify Γ with its image in R 2 under an orientation preserving homeomorphism of X onto R 2 . The graph Γ has the following properties: It is infinite, connected, homogeneous of degree q, and bipartite. A graph, properly embedded in the plane and satisfying these properties is called a Speiser graph, also known as a line complex . The vertices of a Speiser graph Γ are traditionally marked by × and •, such that each edge of Γ connects a vertex marked × with a vertex marked •. Each face of Γ, i.e., connected component of R 2 \ Γ, has either a finite even number of edges along its boundary, in which case it is called an algebraic elementary region, or infinitely many edges, in which case it is called a logarithmic elementary region. Two Speiser graphs Γ 1 , Γ 2 are said to be equivalent , if there is a sense-preserving homeomorphism of the plane, which takes Γ 1 to Γ 2 .
The above construction is reversible. Suppose that the faces of a Speiser graph Γ are labeled by a 1 , . . . , a q , so that when going counterclockwise around a vertex ×, the indices are encountered in their cyclic order, and around • in the reversed cyclic order. We fix a simple closed curve L ⊂ C passing through a 1 , . . . , a q . Let
. . , L q be as before. Let Γ * be the planar dual of Γ. If e is an edge of Γ * from a face of Γ marked a j to a face of Γ marked a j+1 , let ψ map e homemorphically onto the corresponding arc L j of L. This defines ψ on the edges and vertices of Γ * . We then extend ψ to map the faces of Γ * homeomorphically to the upper and lower hemisphere, respectively. This defines a surface spread over the sphere (R 2 , ψ) ∈ F (a 1 , . . . , a q ). The conformal structure is induced by the conformal structure of C if one considers a copy of H 1 or H 2 for each face of Γ * , and glues H 1 to H 2 using the identity map whenever the corresponding faces are adjacent. See [3] for further details.
The proof of Theorem 1 is in two parts. In Section 2 we construct a hyperbolic surface of class S whose net is a certain degeneration of the square grid, namely some of the sides of the grid are collapsed to a point. In Section 3 we use quasiconformal deformations to obtain a surface of class V with the desired net. For a background on the theory of quasiconformal maps see [1] .
We would like to mention two interesting open questions connected to this result. First, is it possible to find a hyperbolic surface spread over the sphere with combinatorics of the square grid, which has a labeling that is symmetric with respect to a line? This would correspond to a real meromorphic map in the unit disc such that the preimage of the extended real line is homeomorphic to the square grid. The second question is whether MacLane-Vinberg's result still holds if one allows non-symmetric labeling of the cosine net, i.e. whether the cosine net always gives a parabolic surface in the case when we do not assume that labels on the ends of edges going to infinity in the upper half-plane are the same as in the lower half-plane.
A hyperbolic surface of class S
Consider a planar graph G whose vertices form the set {(m, n) : m, n ∈ Z}, and whose edge set is
We denote by × every vertex (m, n) with |m + n| even, and by • every vertex (m.n) with |m + n| odd. By replacing edges of the set in the graph G by multiple edges of the same form, we obtain a homogeneous graph of degree four. This is a Speiser graph which we denote by Γ (see Figure 1 ). We label its faces by −1, 0, 1, ∞, so that this order is preserved when going counterclockwise around ×, and the face adjacent to the vertex (0, 0) which is in the first quadrant is labeled by −1.
The Speiser graph Γ with so prescribed labeling defines a unique surface (X, ψ) of class S, or, more precisely, of class F 4 (−1, 0, 1, ∞). Here we assume that the base curve is the extended real line. The rest of this section is devoted to the proof that the surface (X, π) is of hyperbolic type.
Our plan to show hyperbolicity is as follows. First, we cut the surface X into three parts A, B, and C, so that it is possible to explicitly uniformize each of them. We uniformize A by the lower half-plane, B by a horizontal strip, and C by the upper half-plane. Second, we compute the asymptotics of the gluing maps and their first derivatives. The two gluing maps are the maps from the boundary of A to the lower boundary of B, and from the upper boundary of B to the boundary of C. Finally, we show that the gluing produces a hyperbolic surface.
Let A be the subsurface of X with boundary which is obtained by gluing together hemispheres corresponding to the vertices of the Speiser graph Γ from the set {(0, n) : n ∈ Z, n < 0}. Similarly, let C be the subsurface of X obtained by gluing hemispheres corresponding to the set of vertices {(m, n) : m, n ∈ Z, m > 0}, and B be the subsurface obtained by gluing hemispheres corresponding to the set of vertices which is the complement of the above two sets. It is easy to see that the interiors of A, B, and C are simply connected domains, and that the boundary of B is a union of two simple curves, one of them the boundary of A, and the other the boundary of C.
2.1. Uniformization of A, B, and C. The part A is uniformized by the lower half-plane LH = {Im z < 0} using the map
where l is the linear map l(w) = (w + 1)/2, and α(z) is the quasiconformal map given in polar coordinates by (r, θ) → (r, θ/2), −π < θ < 0.
To write down the map which uniformizes part B, we denote by β the map
given in polar coordinates with the origin at (−1, 0) by
and which is the identity elsewhere. The map β is clearly quasiconformal. The part B is uniformized by the horizontal strip HS = {z : 0 < Im z < π/2} using the map
where ℘ is the Weierstrass function with periods 2 and 2i, such that ℘(0) = ∞, ℘(1) = 1, and ℘(i) = −1.
The uniformization of part C requires more work. We cut C into parts C 1 , C 2 , . . . , where the part C n is obtained by gluing the hemispheres corresponding to the vertices {(n, m) : m ∈ Z}. In its turn, each part C n is cut into two, C 
By a logarithmic end we mean a subsurface of the surface of logarithm whose boundary is a Jordan arc that projects onto an arc in C connecting two asymptotic values. Let L be the logarithmic end with boundary b = {e iθ : 0 < θ < π}, which lies to the left of b, when traveled from θ = 0 to θ = π. There is a conformal map of L onto C ′′ n which is the analytic continuation of R(z) = 4z/(1 + z) 2 for odd n, and R(z) = −4z/(1 − z) 2 for even n on b. Since R has simple critical points at −1 and 1, the gluing map ∂L → b ⊂ ∂D is real analytic, and extends to ∂L, where it has a non-zero derivative. Therefore the surface obtained by gluing L to D is quasiconformally equivalent to a surface S, which is {Im z > 0} with a logarithmic end attached using the identity map along the interval (−1, 1) of the real line. The quasiconformal map is chosen to be identity on the boundary. Composing this map with the above conformal maps of parts C ′ n and C ′′ n , we obtain a quasiconformal map H n of S onto C n , which agrees with (3) on (−∞, −1) ∪ (1, ∞).
The surface S is uniformized by the horizontal strip {0 < Im z < π}, using the map
where ξ(w) = (w + 1)/(w − 1). The map (4) H n (ξ(exp(− exp(z))))
gives a quasiconformal uniformization of C n by the strip {0 < Im z < π}. From the expression (4) it is clear that the gluing map of {Im z = π} to {Im z = 0} corresponding to the gluing of C n to C n+1 is just x + iπ → x. Thus we obtain a quasiconformal uniformizing map of the upper half-plane U H = {Im z > 0} onto C. This uniformizing map is globally quasiconformal, since it is quasiconformal on {0 < Im z < π}, and the distortion is invariant under the map z → z + iπ.
Gluing maps.
First we calculate the gluing map from the upper boundary of HS, {Im z = π/2}, to the boundary of U H, which is the real line. This map is obtained by postcomposing the restriction of (2) to the boundary {Im z = π/2} with the inverse map to (4), where we take n to be equal to 1. After elementary computations, we find that the resulting gluing map is (5) g 1 (x + iπ/2) = log log exp(π exp(−x)) + 1 exp(π exp(−x)) − 1 .
Here we used that H n assumes the same values on (−∞, −1)∪(1, ∞) as the map (3).
The gluing map from the boundary of LH, which is the real line to the lower boundary of HS, {Im z = 0}, is
where the branch of ℘ −1 is chosen so that ℘ −1 (1) = −1. We can eliminate the maps α and β from the last expression by subdividing the domain into two parts, {x > 0} and {x < 0}. Indeed, (6) reduces to
From periodicity of cos and ℘ we conclude that
where h is a real-analytic, periodic function on (−∞, 0], the absolute value |1+h ′ (x)| is bounded away from 0 and ∞, and h(0) = 0. Therefore, for x < 0, the map g 2 is given by (8)
x → − log(−x − h(x) + 1).
In the following the notation a ≍ b means that there exists a positive constant c such that ca ≤ b ≤ a/c. The notation a ∼ b means lim a/b = 1.
Using formulas (5), (7), and (8), we can derive asymptotic formulas for the gluing maps. We have
To show hyperbolicity, we also need the asymptotics of the inverse maps and the derivatives. They are
2.3. Hyperbolicity. We denote by U the Riemann surface obtained by gluing together U H, HS, and LH, using the maps g 1 and g 2 . From the quasiconformal equivalence of X endowed with the pull-back structure and U we conclude that (X, ψ) is of hyperbolic type if and only if U is hyperbolic.
Our proof of hyperbolicity of U uses techniques very similar to those Volkovyskiȋ used in [6] .
We define auxiliary maps h 1 , h 2 , . . . from R to R as follows:
h n = h n mod 4 , n > 4.
Let I 0 be a closed interval in (−∞, 0) ⊂ U H, and let I n be defined inductively, I n = h n ((−1) n I n−1 ). Also, let P n for n = 0, 1, 2, . . . be defined as P 4n = {z ∈ U H : |z| ∈ I 4n }, P 4n+1 = {z ∈ HS : Re z ∈ I 4n+1 }, P 4n+2 = {z ∈ LH : |z| ∈ I 4n+2 }, P 4n+3 = {z ∈ HS : Re z ∈ I 4n+3 }.
We denote by σ I0 a spiral , i.e. a surface obtained by gluing together P 0 , P 1 , P 2 , . . . using the maps g 1 and g 2 . From the asymptotic formulas (9) and (10)- (12) it follows that h 4 (h 3 (−h 2 (h 1 (−x)))) ∼ −2e −x , when x → −∞, and hence by choosing I 0 to be sufficiently far away from the origin and of length 1, all P n considered as subsets of U do not intersect, and therefore σ I0 embeds into U .
For convenience we map P 0 , P 1 , P 2 , . . . conformally onto respective rectangles Q 0 , Q 1 , Q 2 , . . . of height 1, each contained in {0 ≤ Im ζ ≤ 1}, using the maps 1 π log z on U H, 1 π log z + i on LH, and 2 π z or − 2 π z + i on HS, depending on whether Re z is positive or negative. The corresponding gluing maps ∂Q n−1 ∩ {Im ζ = 0} → ∂Q n ∩ {Im ζ = 1} are given by ξ → f n (ξ) + i, where
All the gluing maps are monotone increasing.
We denote by τ the surface obtained by gluing Q 0 , Q 1 , Q 2 , . . . using the maps f 1 , f 2 , . . . . By definition, τ is conformally equivalent to σ I0 . Let J n denote the part of the boundary of Q n , which is contained in {Im z = 0}, i.e. J n = ∂Q n ∩ {Im ζ = 0}. We will show that the modulus of the family L of curves in τ separating ∂Q 0 ∩ {Im ζ = 1} from infinity is finite. This would imply that U , and hence (X, ψ) are of hyperbolic type. We will need the following asymptotic formulas as ξ tends to +∞:
We consider a conformal metric ρ(z)|dz| on τ , where the function ρ is defined inductively as follows. Let ρ 0 be defined on Q 0 by the formula ρ 0 (ζ) = 1/|J 0 |, where |J 0 | is the Euclidean length of J 0 . We define ρ n on f n (J n−1 ) by the formula
, and extend ρ n to Q n by requiring that ρ n is independent of η, where ζ = ξ+iη ∈ Q n . From this definition it is clear that the ρ-length of every curve in L is at least 1. It remains to estimate the area from above. The ρ-area of τ is
From formulas (13)-(16) it is clear that there is a constant M 1 such that for ξ > M 1 , 
Formulas (13)-(16) also imply
In particular, there exists a constant M 2 , such that ξ > M 2 implies F ′ (ξ) ≥ 2, and F (ξ) ≥ 1/(2π)e πξ . Hence, if we choose J 0 = [a, b] so that a > max{M 1 , M 2 }, and 1/(2π)e πa ≥ a, then inf J0 |F ′ n (ξ)| ≥ 2 n , and therefore the series in (19) converges. This completes the proof that the surface (X, ψ) is hyperbolic.
Unraveling logarithmic staircases
In this section we will use quasiconformal deformations of (X, ψ) to obtain a surface of the same type with the net homeomorphic to the square grid. In order to obtain a surface whose net is homeomorphic to the square grid, we will replace all of those logarithmic staircases by cosine spines. We say that (Y, ψ) is a cos-spine in (X, ψ) if Y ⊂ X is simply connected and (ψ| Y ) −1 (R) is a union of infinitely many lines l 0 , l 1 ,. . . , where l 0 has one endpoint on ∂Y , all other lines have two endpoints on ∂Y and l 0 intersects every l k once, and none of the other l k intersect (see Figure 2) . The line l 0 is the axis of symmetry of the cos-spine.
Theorem 2. Let (X, ψ) be a Riemann surface spread over the sphere and (Y, ψ) a logarithmic staircase over some a ∈ R in (X, ψ). Let z 0 be a point on ∂Y with ψ(z 0 ) ∈ R. Endow X with the pull-back complex structure. Then there exist K > 1 and a K-quasiregular mapψ : X → C withψ = ψ outside Y and (Y,ψ) being a cos-spine whose axis of symmetry passes through z 0 .
An immediate corollary is the following. Corollary 1. Let (X, ψ) be a Riemann surface spread over the sphere and (Y 1 , ψ), (Y 2 , ψ),. . . be mutually disjoint logarithmic staircases in (X, ψ). Furthermore, let z j be a point on ∂Y j with ψ(z j ) ∈ R. Then there exists a Riemann surface (X,ψ) of the same type as (X, ψ), whereψ = ψ outside j Y j , andψ| Yj is a cos-spine for each j with its axis of symmetry passing through z j .
Proof. If we apply Theorem 2 to each logarithmic staircase separately, we obtain a quasiregular mapψ : X → C with the desired net. This implies that the conformal structures induced by ψ andψ are quasiconformally equivalent. The type of a simply connected Riemann surface is preserved under quasiconformal homeomorphisms.
Before proving Theorem 2 we need some preliminary results.
Let S denote the strip {0 < Im z < 1}. 
Proof. Define f (x + iy) := (1 − y)f 0 (x) + yf 1 (x) + iy in S. The fact that f 0 and f 1 are increasing homeomorphisms of the real line immediately implies that f is a homeomorphism of S onto itself, preserving boundary components. The partial derivatives are
Viewing the complex plane as R 2 , the matrix of the differential is
For the dilatation these estimates give
which is finite for all M and goes to 1 for M → 1, as claimed.
Let D ⊂ C be a domain which is symmetric w.r.t. the real line. A function G :
Lemma 2. There exists a real quasiregular function G : {Re w ≤ 1} → C and a constant M > 0 such that (1) G(w) = e w for Re w = 1 and for Re w ≤ −M − 1 (2) G has one real critical point and the preimage of the real line consists of infinitely many mutually disjoint rays to ∞ that start on the line {Re w = 1}, and an arc which has two endpoints on that line, intersects the real axis once, and is disjoint from all other rays (see Figure 3) . The function G is smooth in the left half-plane, and it is holomorphic outside S 2 . We claim that G is locally quasiconformal there when M is sufficiently large. The partial derivatives of G in S 2 are (we omit the argument M + Re w for η and η
Proof of Theorem 1 continued. Theorem 1 now follows from Corollary 1 applied to the surface (X, ψ) constructed in Section 2 and logarithmic staircases over 1 and ∞. The points z j should be chosen so that ψ(z j ) belongs to a regularly covered interval of the real line between a critical and an asymptotic values.
(Theorem 1)
